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The drag  and heat t r ans f e r  in a di f fuser  fo rmed  by para l l e l  wal ls  (bladeless diffuser  type) a re  
cons idered  for  the case  of fully developed turbulent flow. The theore t ica l  solution of the p rob -  
lem is compared  with the exper imenta l  data. 

The investigation of the veloci ty  fields and t o t a l - p r e s s u r e  lo s ses  in d i f fusers  formed by para l l e l  walls  
is of cons iderable  p rac t ica l  impor tance ,  because  d i f fusers  of this type are  used in centr i fugal  c o m p r e s s o r s .  

There  has also been a growing in te res t  lately in cooled di f fusers ,  which have applicat ions in com-  
p r e s s o r s  designed for  the compress ion  of aggress ive  and dangerously  explosive gases  such as acetylene,  
chlorine,  and others .  

The theoret ical  analysis  of heat t r an s f e r  is poss ib le  af ter  de terminat ion of the veloci t ies  only if the 
liquid can be t rea ted  as incompress ib le ,  or  concurren t ly  with the veloci ty determinat ion if the influence of 
compress ib i l i t y  cannot be d i s regarded .  

We begin by solving the f i r s t  problem,  i . e . ,  we de te rmine  the veloci ty  and p r e s s u r e  f ields in a dif- 
fu se r  with a closed boundary layer .  

We know f r o m  exper iments  [2] that the boundary layer  in a b lade less  diffuser  c loses  rapidly,  so that 
s t eady-s ta te  turbulent flow takes place in the main section of the diffuser .  

The analogous p rob lem for  ,j[ane and ax i symmet r i c  channels has been solved e a r l i e r  by Gurzhienko 
[5], Solodkin and Ginevskii [4], Sherstyuk [3], and others .  

The specia l  c h a r a c t e r i s t i c s  of the flow in the diffuser  analyzed here  (Fig. 1) requi re  cer ta in  re f ine -  
ments  of the Prandtl  equation, which gives the re la t ionship between the tangential  s t r e s s e s  and veloci ty  
gradients .  

The Reynolds equations, wri t ten for  an ax i symmet r i c  s teady flow of an incompress ib le  liquid , a s -  
sume the following f o r m  af ter  cer ta in  t e r m s  have been d iscarded (in accordance  with bounda ry - l ay e r  the-  
ory) : 
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= ) , .  T~ ~ , , In Eqs. (1) and (2) ~'r -PWrWz, = -pw~vw z are  the Reynolds s t r e s s e s .  

The Reynolds s t r e s s e s  cannot be de te rmined  f rom the conventional Prandt[  equation v r p( l (~r /OZ) )2 ;  
~'~ = p(l(~v~v/Oz)) 2, because  it was  der ived for  two-dimensional  flows. 
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Fig.  1. Di f fuse r  flow d i a g r a m .  

The P rand t l  equation has been gene ra l i zed  to the ease  
of t h r e e - d i m e n s i o n a l  f lows by Buleev [6]. However ,  Bul -  
e e v ' s  solution is exceedingly  complex  and is ba sed  on a 
n u m b e r  of e m p i r i c a l  coef f ic ien t s  and hypotheses  r e q u i r -  
ing ca re fu l  expe r imen ta l  conf i rma t ion .  

A s imple  way  to gene ra l i ze  the P rand t l  law to the 
t h r e e - d i m e n s i o n a l  ease  when the t r a n s v e r s e  component  
of the ve loc i ty  is sma l l  in c o m p a r i s o n  with the longitudinal  
componen t  has  been indicated by A. N. Shers tyuk.  By 
analogy with the Prand t l  solution,  the ve loc i ty  f luctuat ions  
in the rad ia l  and c i r c u m f e r e n t i a l  d i r ec t i ons  can be wr i t ten  
in the f o r m  

~; = zl - - g - z  ' 0-7- '  (4) 

where  l I is the d i s tance  t r ave led  by one mole  in the t r a n s v e r s e  d i r ec t ion  until the loss  of individual-  
ity. 

The ve loc i ty  f luctuat ion in the t r a n s v e r s e  d i rec t ion  mus t  be p ropor t i ona l  to the longitudinal  ve loc i ty  
f luc tua t ion:  

' , 2 
~z  = - c V w ;  2 + w~ , (5) 

as  is d i r e c t l y  implied by the e x p r e s s i o n  fo r  the total tangent ia l  s t r e s s .  Consequent ly ,  the tangential  
s t r e s s e s  r r and rq )a re  equal to, r e spec t i ve ly ,  

�9 , = -  = 0 2 , j r , ,  ( / 2 + ( 
(6) 
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The mixing length I has  the s a m e  sense  as in the P rand t l  equation. The value of ! can be de t e rmined  
by means  of the equat ions  r e c o m m e n d e d  by the au thors  in [7]. He re ina f t e r  we c o n s i d e r  only t i m e - a v e r a g e d  
v a r i a b l e s ,  so that  the a v e r a g e  symbol  can be dropped.  Also, the p r o b t e m  is s impl i f ied to the extent  that 
the laws govern ing  the tangent ia l  s t r e s s e s ,  r r = rr(Z ) and r~o = r~(z), a re  approx imated  by  po lynomia l s ,  
whose  coef f ic ien t s  a r e  de t e rmined  f r o m  the boundary  condi t ions :  

!) z = O; r r = rr0; 

2) z = b/2; r r = rq~ 

Accord ing ly ,  we obtain 

Orr/OZ = ap/Or;  r~0-- r~00; a r ~ 0 z  = Op/Oz = 0; 

= 0 .  

�9 ,. . . . . .  ( 1 -  ~1)[1 1 -I- A.,,) ~11, (8) 
T r 0  
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El imina t ing  r r 
subs t r a t e  into account ,  we deduce two di f ferent ia l  equat ions :  

1 Ov i l 2 0 v r  / ( '  Ovr ~2 
(1-  ~ l ) [ lq- (1- [ -A* ' )~l l=  Re,~- On -Oq F \ on / 

f r o m  (8) and (6) and 7q0 f r o m  (9) and (7) and taking the f r ic t ion  f o r c e s  in the v i scous  

- -  - -  - 7 n - n -  ~ o  t On / ' t  on 
(11) 

V~p-- ; v r = ; Re ,  r - -  "' ; R e ~ p =  . / [22(p, 7.22r# " u V 

The se t  of equat ions  (10)-(11) is r ead i ly  solved by the method of i t e ra t ions  when the quant i t ies  R e , r  
and Re.~ o a re  a s s u m e d  to be known. 
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Fig.  2. Di f fuser  c h a r a c t e r i s t i c s .  1) ~ = (p - PO/(PW~/2); 2) ~ = (p~' - p*)/(pw~ 
/2). E xpe r i m e n t a l  data:  I) 01a v = 25.5*, Re ~1 = 3 .32 .104 , bl  = 0.022; II) 0ta v 
= 41 ~ tleq~ = 4 . 2 . 1 0  l, bl = 0.022. Analyt ica l  da ta :  sol id curve)  acco rd ing  to 
the re la t ion  ~ = 1 - ( l / r2);  dashed curve)  by the d e s c r i b e d  p r o c e d u r e .  

Fig.  3. Veloc i ty  f ields (w, m/see)  and angles  in the d i f fuser .  The points r e p r e -  
sent  the expe r imen ta l  data,  b = 0.022. a) 0av = 37 ~ r = 1.32; b) 0av = 39 ~ "r 
= 1.58. 

F o r  the comple te  solution of the p r o b l e m  the r e l a t ions  thus der ived  mus t  be augmented  with two 
�9 �9 �9 a v  others ,  one of which r e l a t e s  the a v e r a g e  c i r e u m f e r e n t m l  p ro jec t ion  wg) of the ve loc i ty  to the f r i c t ion  c o -  

eff ic ient  cfq o ( s t r e s s  ~-0rp), while  the second r e l a t e s  the p r e s s u r e  g rad ien t  (shape p a r a m e t e r  A , r  ) to the 
c h a r a c t e r i s t i c s  of the ave rage  flow. 

The f i r s t  re la t ion  is e s t ab l i shed  by means  of the t h e o r e m  of angular  momen ta :  

dM :=~ G d av dr ( r ~  ) dr, 

where  
1 4 

av 1 [" 
w,p =- . . . .  -- J w,.w~dq; w r a v :  / wrd'q" 

Fina l ly  we obtain 

o r  

t" 

btg 0 av-- bl tg 0a, l = S clclr' 

tgOav = Wrav" 2xo~ 
""-: :~ '  c1~ = 0 ( ~ v f  �9 

The second re la t ion  is de t e rmined  by means  of the t h e o r e m  of m o m e n t a :  

! 1 

dr = - -  %" -l- b p ~  dT I -  [br pw~hl] 
O o 

1 + A~. = kr tg ~ + ~ [k~ 4- kr ctg s Oav], 
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W~av= I w~d~l; tg~ = db 
dr 

0 

The procedure  described here  was used to calculate the velocity profiles,  p re s su re  increase,  and 
to ta l -p ressure  toss fac tor  in the diffuser. The analytical resul ts  (dashed curves) are compared in Figs.  
2 and 3 with the experimental  data obtained on the All-Union Scient i f ic-Research Institute for Cryogenic 
Machinery (VNIIkriogenmash) bladeless  diffuser static test stand described in [8]. As the graphs indicate, 
the values of the local slope angles of the s t reamlines  vary  considerably within the c ros s  section. This 
fact indicates a distinct three-dimensional  flow pattern in the diffuser, result ing in an additional increase 
in the to ta l -p ressu re  losses  and a decrease  of the growth rate of the static p ressu re  in the diffuser. 

Knowledge of the velocity fields enables us to solve the hea t - t r ans fe r  problem for  the diffuser.  

The three-dimensional  cha rac t e r  of the flow prevents us f rom using the relation between the velocity 
fluctuations and tempera ture  

T' 9 '  
const , (14) 

T - - T  o w 

which was proposed in [9] and has been successful ly used by the authors to calculate the heat t ransfer  in a 
cyl indrical  pipe [7] and for flow past  a plane walt [10]. 

A general izat ion of relation (14) to the ease of a three-dimensional  flow when the t r ansverse  velocity 
component w z is small  in compar ison with the other components has also been given by A. N. 8herstyuk. 

' is assumed to be proportional to the longitudinal fluctuation: The t ransverse  velocity fluctuation w z 
w~ = cw',  but in the general  ease 

09 
w' ~ l l - -  

Oz ' 

because the direction of the velocity vector w changes along z. We assume by analogy that 

9 ' =  ll 09 (15) 
m Oz 

and determine the coefficient m. Inasmuch as w = wvrW~r + w~0, we therefore have 

Om 1 { 09 r 099 \ 
- - 

On the other hand, an expression for  w~. has been obtained previously [see Eq. (5)]. 

sin 00w__~_~ + cos 00w~ 
ll Ow Oz Oz 

m=7'  oz ,/-go,or 
g ~ ,  Oz ) +\  Oz } 

According to Prandt l ' s  theory 

T ' = I  T . . . . . .  OTc~z ," 9z':= ml . . . .  OWbz (1 :~:) 

Therefore ,  

(16) 

and, hence, 

T'  l, w'- 
- -  / n -  

OT l Ow 
Oz Oz 

Transforming  f rom the derivat ives 0T/0z and &vc/0z to finite increments ,  we ultimately obtain the fol- 
lowing relation between the velocity fluctuations and tempera ture :  

T t 7a7) t 

-- const m - -  (17) 
T - -  T O w - -  w o 
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Fig.  4. Local  heat  t r a n s f e r  in a p a r a l -  
l e l -wal l  d i f fuser .  The hatched s t r ip  
r e p r e s e n t s  the set  of expe r imen t a l  da-  
ta. 1) Averaged  e x p e r i m e n t a l  depen-  
dence;  2) ca lcu la ted  by the d e s c r i b e d  
p r o c e d u r e ;  3) ca lcu la ted  without r e -  
gard  fo r  spat ia l  sp read ing  of the abso-  
lute ve loc i ty  vec to r .  

F o r  two-d imens iona l  f lows m = 1 and re la t ion  (17) goes  ove r  to {14). It is eas i ly  shown that m < 1 
always fo r  t h r e e - d i m e n s i o n a l  f lows.  It is e s tab l i shed  below that this fact  s igni f icant ly  i n c r e a s e s  the hea t -  
t r a n s f e r  coeff ic ient .  

uid: 
We wr i t e  the h e a t - t r a n s f e r  law fo r  tu rbu len t  flow with r e g a r d  fo r  the t he rma l  conduct iv i ty  of the l tq-  

q = 2~ OT 'T'  (18) 
Oz - - p c p w z .  �9 

The  t he rma l  mixing length is d e t e r m i n e d  by re l a t ions  given in [7]. 

Changing to d imens ion l e s s  p a r a m e t e r s ,  we r e w r i t e  the heat  f lux equation in the f o r m  

q =  q ~ . ~ l =  1 0t- v [3, 1 1 ( 0 t - )  ~ 
qo .  Re,Pr 0[~ 7 m •176 41~--v~ " = t  ~ (19) 

fo r  the wall  zone of the t h e r m a l  l aye r ,  and in the f o r m  

= 1 - -  + ~ -  ~1 = - -  •176 ~li ~ 1 (20) 
2 m 2 /  t \ o f ~ }  

fo r  the main par t  of the d i f fuser .  

Using the solut ions  of the dynamica l  p rob l em and invoking Eqs.  (19) and (20), we can d e t e r m i n e  the 
r e l a t i ve  t e m p e r a t u r e  d is t r ibut ion  a c r o s s  the channel .  In p a r t i c u l a r ,  fo r  the wall  zone 

and 

or- t- -~-4 ( V  f v184 1 ) for 15<[8vl (21) 
013 -- 2 A v - ' v  1-~ A r m (  

- ( ] ~ 1  ' v~" --1 ) for  ~ t > ~ > ~ v l  
0[3 v (22) 

13#~ " A t  pr ,  4 Av = z 2 Pr"4 ' 4• 

The  value of fivl is a s sumed  to be the same  as in a cy l i nd r i ca l  pipe on a plane wall  (see [7, 10]) with 
the total  tangential  s t r e s s  at the d i f fuse r  wall  taken into account .  

In the main pa r t  of the channel  the r e l a t i v e  t e m p e r a t u r e  d is t r ibu t ion  has the f o r m  

-/, = (t + 2 ] f l~ f  (q, At,, 0av)-~- [2 01, A t , ,  0av), 

where 

/ 1 ~ a  ~Jm 1 - -  3 ~12+_. ~ 

�9 2 

is a funct ion depending on the t r a n s v e r s e  coord ina te ,  the p r e s s u r e  grad ien t ,  and the ave r age  flow angle.  

Once the t e m p e r a t u r e  d i s t r ibu t ion  in the wall  zone and in the main pa r t  of the channel  has been de-  
t e rmined ,  the n u m b e r  St can be found f rom the equation 

(23) 

(24) 
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St = / vY&l q- v[d~ 

i /  'o 
1.0 

The va lues  of the n u m b e r s  Nu4v fo r  local  heat  t r a n s f e r  tn the d i f fuse r  a re  r e p r e s e n t e d  by the dashed 
line in Fig.  4 (for a i r ,  P r  = 0.7). Also  shown in the same  f igure  a re  loeal  h e a t - t r a n s f e r  data  obtained in 
an expe r imen ta l  inves t igat ion of an annu la r  d i f fuse r  as  d e s c r i b e d  in [8] (hatched s tr ip) .  

The g raph  c l e a r l y  r e v e a l s  the local  h e a t - t r a n s f e r  i n c r e a s e  induced by the t h r e e - d i m e n s t o n a l i t y  of the 
flow. Also shown as an example  is the re la t ion  Nu4v = f(Re4v ) fo r  liquid flow and heat  t r a n s f e r  tn a plane 
slot .  

A ce r t a i n  incongru i ty  of the expe r imen ta l  and analy t ica l  r e su l t s  ts c l e a r l y  e l ic i ted  by the p r e s e n c e  in 
a r ea l  flow of de tached loca l ized  zones ,  which add to the tu rbu lence  of the flow. 

W 

p 
P 

p* 

P 
T 

V = W/W, 
= z / b  

2b 
A r ,  : (b/pw2r,) - (dp/dr) 
b = b / r  

r = r / r  1 
0 

T 

11 
q 

~ = (T - T0 /Tav  - T0) �9 (1/St Vav ) 
St 
P r  
p = w , z / v  
~4 
Re 
Nu 
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N O T A T I O N  

liquid flow veloc i ty ;  
liquid p r e s s u r e ;  
k inemat i c  v i s c o s i t y  coeff ic ient ;  
total  p r e s s u r e ;  
dens i ty  of the liquid; 
tangent ia l  s t r e s s ;  
" f r i c t iona l"  ve loc i ty  at the wall;  
r e l a t ive  flow veloci ty ;  
r e l a t ive  coord ina te ;  
d i f fuse r  width; 
r e l a t ive  p r e s s u r e  g rad ien t  in the rad ia l  d i rec t ion;  
r e l a t ive  d i f fuse r  width; 
angle f o r m e d  by the d i f fuse r  wai ls  in the mer id i an  plane; 
r e l a t ive  d i f fuse r  rad ius ;  
absolute  ve loc i ty  angle; 
c o m p r e s s i o n  rat io;  
t o t a l - p r e s s u r e  loss  fac tor ;  
liquid t e m p e r a t u r e  at a point; 
t h e r m a l  conduct ivi ty ;  
" t h e r m a l "  mixing length fo r  one mole;  
speci f ic  heat  flux; 
r e l a t ive  t e m p e r a t u r e  at a point; 
Stanton number ;  
P rand t l  number ;  
r e la t ive  coord ina te  in the wall  l ayer ;  
tu rbulence  constant ;  
Reynolds  number ;  
Nusse l t  number .  

Subscripts 

0 denotes the value of parameter at the wall; 
v denotes the boundary of viscous substrate; 
t denotes the boundary of transient region; 
I denotes the value of parameter at diffuser entry. 

i. 
2. 
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